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SUMMARY 
A t h e o r e t i c a l  a n a l y s i s  h a s  been  conducted  t o  s t u d y  t h e  
dynamic behav io r  and aerodynamic c h a r a c t e r i s t i c s  o f  a  r o t o r  
i n  a u t o r o t a t i v e  f l i g h t  o p e r a t i n g  i n  p rox imi ty  of a  r e e n t r y  
c a p s u l e .  A mathemat ica l  model r e p r e s e n t i n g  t h e  r o t o r  e n t r y  
v e h i c l e  was e s t a b l i s h e d ,  t h e  neces sa ry  e q u a t i o n s  fo rmula t ed  
and computer programs were g e n e r a t e d  f o r  s o l u t i o n  of  t h i s  
system.  
The e q u a t i o n s  of motion d e s c r i b i n g  t h e  a r t i c u l a t e d  rotor 
b l a d e s  r e t a i n e d  a l l  n o n l i n e a r  i n e r t  i a l  terms and  i n c o r p o r a t e d  
n o n l i n e a r  aerodynamics  t o  accoun t  f o r  s t a l l ,  c o s p r e s s i b i l  i t y  
and r e v e r s e d  f low e f f e c t s .  P r o v i s i o n s  were a l s o  i n c l u d e d  t o  
c o n s i d e r  t h e  e f f e c t s  on t h e  rotor of t h e  de t ached  bow shock  
wave g e n e r a t e d  by t h e  c a p s u l e .  
The e q u a t i o n s  of motion f o r  v e h i c l e  dynamic s t a b i l i t y  
were w r i t t e n  t o  i n c l u d e  c o u p l i n g  e f f e c t s  between c a p s u l e  body 
motion and r o t o r  f o r c e s  and moments. Numerical  time h i s t o r i e s  
of  t h e  coupled  r o t o r  e n t r y  v e h i c l e  sys tem a r e  c a l c u l a t e d  a t  
t ime  increments  s p e c i f i e d  by t h e  u s e r .  
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I NT RODUCT I ON 
Background 
Modern a e r o s p a c e  programs have imposed a need f o r  improved 
performance and c o n t r o l  c a p a b i i i t i e s  of r ecove ry  sys t ems .  More 
a c c u r a t e  f l i g h t  pa th  c o n t r o l  d u r i n g  t h e  r e e n t r y  phase,  improved 
maneuve rab i l i t y  d u r i n g  d e s c e n t ,  lower touchdown v e l o c i t i e s ,  and  
c o n t r o l  of t h e  l and ing  mode a r e  sough t .  
A coficept t h a t  has  demons t ra ted  c a p a b i l i t i e s  f o r  t h e s e  
advanced recovery  f u n c t i o n s  is t h e  unpowered r o t a r y  wing de- 
c e l e r a t o r  - a mu l t ib l aded ,  h e l i c o p t e r - t y p e  r o t o r  which p r o v i d e s  
aerodynamic r e t a r d a t  i o n  and c o n t r o l  i n  a u t o r o t a t  i v e  d e s c e n t .  
Rotary wing d e c e l e r a t o r s  can  be i n c o r p o r a t e d  i n  a  s i n g l e - s t a g e  
system f o r  low o r  h igh  speed  deployinent, r e t a r d a t i o n  and s t a -  
b i l i z a t i o n ,  d rag  f o r e e  modulat ion,  f l i g h t  p a t h  m a n e d v e r a b i l i t y ,  
and l and ing  wi th  e f f e c t i v e l y  z e r o  v e r t i c a l  and h o r i z o n t a l  speeds .  
S t a t e  of t h e  A r t  
The p o t e n t i a l  of r o t a r y  wing d e c e l e r a t o r s  h a s  been demon- 
s t r a t e d  s u c c e s s f u l l y  a t  subson ic  s p e e d s  i n  a  USAF-sponsored 
f l i g h t  test  program d u r i n g  which d e c e l e r a t o r s  were dropped a t  
speeds  up t o  550 k n o t s  (Reference  1). A wind t u n n e l  t es t  phase  
of t h i s  program a l s o  demons t ra ted  t h a t  rotors c a n  be  deployed 
and o p e r a t e d  i n  a x i a l  d e s c e n t  a t  s p e e d s  up t o  Mach numbers of 
3.0 (Reference  2 ) .  Recent wind t u n n e l  i n v e s t i g a t i o n s  by NASA 
(Reference  3) have s u c c e s s f u l l y  expanded t h e  o p e r a t i n g  reg imes  
of r o t a r y  wing . d c e l e r a t o r s  t o  g l i d e  f l i g h t  a t  Mach numbers up 
t o  3.5. A d e t a i l e d  summary of t h e  s t a t e  of t h e  a r t  is p r e s e n t e d  
i n  Reference 4 .  
The v a r i o u s  f l i g h t  t e s t s  and wind t u n n e l  tests mentioned 
above w i l l  be enhanced w i t h  t h e  complementary use  of a  r o t o r  
a n a l y s i s  which w i l l  p r e d i c t  b l ade  a i r l o a d s ,  b l a d e  dynamics, 
r o t o r  performance,  and v e h i c l e  s t a b i l i t y  f o r  a  r o t o r  e n t r y  
v e h i c l e  sys tem throughout  i ts  f l i g h t  spec t rum.  A v a i l a b l e  h e l i -  
c o p t e r  r o t o r  a n a l y s e s  ( e . g . ,  Reference  5) have been concerned 
wi th  powered r o t o r s  i n  subson ic  f l i g h t .  As such ,  t hey  a r e  no t  
d i r e c t l y  u s a b l e  f o r  s t u d y i n g  a u t o r o t a t i v e  r o t o r s  i n  s u p e r s o n i c  
f l i g h t ;  consequent ly ,  t hey  must be modizied and ex tended  t o  
i n v e s t i g a t e  a u t o r o t a t i n g  rotors a t  t h e s e  extreme o p e r a t i n g  
c o n d i t i o n s .  
Program Goa 1s 
The a n a l y s i s  d e s c r ~ b e d  h e r e i ?  was under taken  t o  p f o v i d e  
N A S A  wi th  t h e  a n a l y t i c a l  t o o l s  t o  e v a l u a t e  r o t o r  e n t r y  v e h i c l e  
sys tems  the reby  p e r m i t t i n g  t ~ a d e - o f f  s t u d i e s  between r o t a r y  
wing d e c e l e r a t o r s  and p r e s e c t  day d e c e l e r a t o r s .  Fur thermore ,  
r e s u 3 t s  of t h e  progrpm w i l l  be u s e f u l  i n  i d e n t i f y i n g  a r e a s  of 
r e s e a r c h  i n  r o t a r y  wing d e c e l e r a t o r  techriology t h a t  r e q u i r e  
f u r t h e r  i n v e s t i g a t i o n  a n a l y t i c a l l y  and e x p e r i m e n t a l l y .  
Problem Def i n i ~ i o n  
A s  mentioned p r e v i o u s l y ,  t h e  p r e s e n t  s t a t e  of t h e  a r t  cf 
- o t o r  t echnology  m u s t  be advanced t o  examine r o t o r  and v e h i c l e  
dynamic behavior  a t  t r a n s o n i c  and s u p e r s o n i c  speeds .  T h e o r i e s  
a l r e a d y  developed f o r  powered r o t o r s  i n  t h e  s u b s o n i c  regime 
were used a s  s t e p p i n g  s t o n e s  i n  deve loping  t h e  advanced t h e o r i e s  
and computer programs f o r  p r e d i c t i n g  t h e  performance,  dynamics, 
and s t a b i l i t y  of a u t o r o t a t i n g  r o t o r s .  The key s t e p  i n  t h e  de- 
velopment of t h e  new t h e o r i e s  and programs is t h e  formulat ioxi  of  
a  v a l i d  b l ade  a i r l o a d s  and r o t o r  performance a n a l y s i s .  Only by 
having  r e a s o n a b l e  e s t i m a t e s  of r o t o r  performance and a i r l o a d s  
can  any conf idence  be p l aced  i n  a n a l y t i c a l  p r e d i c t i o n s  of r o t o r  
and v e h i c l e  system dynamics and s t a b i l i t y .  
Consequent ly ,  t h e  a n a l y s e s  i n  ' ihe p r e s e n t  p r o g r a a  a r e  sub-  
d i v i d e d  t o  e v a l u a t e  r d t o r  s t a b i l i t y ,  r o t o r  a i r l o a d s  and p e r -  
formance, and v e h i c l e  dynamic s t a b i l i t y .  D e s c r i p t i o n s  of t h e s e  
a n e l y s e s  and t h e i r  e q u a t i o n s  of motion a r e  p r e s e n t e d  i n  t h e  
ensu ing  s e c t  i o n s .  
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Mc ;hod of Ana lys i s  
A s y s t e m a t i c  method of a n a l y s i s  was developed i n  Re fe ren re  5 
f o r  t h e  d e r i v a t i o n  of t h e  g e n e r a l  n o n l i n e a r  e q u a t i o n s  of motion 
o f  a  r o t o r  b lade  wi th  f i v e  deg rees  of b l a d e  freedom under  both 
s t e a d y  and maneuvering f l i g h t  c o n d i t  i ons .  T h l s  method inco r -  
p o r a t e s  a  p o s i t i o n  m a t r i x  which t r a n s f o r m s  p o i n t  mass c o o r d i n a t e s  
from a  r o t a t i n g  a x i s  sys tem t o  a  f i x e d  a x i s  sys t em by f i n i t e  
r o t a t i o n s  f o r  each deg ree  of freedom. These p o s l t i o n  m a t r i c e s  
a r e  o r thogona l .  Cinge o f f s e t s  a r e  o b t a i n e d  by m a t r i x  t r a n s l a -  
t i o n s .  
In  t h e  m a t r i x  method of a n a l y s i s  t h e  t r ans fo rmed  p o i n t  mass 
coor ' l r a t e s  a r e  d i f f e r e n t i a t e d  t o  o b t a i n  v e l o c i t i e s  and a c c e l -  
e r a t i o n s  r e s u l t i n g  from each  deg ree  of freedom. The v e l o c i t i e s  
and a c c e l e r a t i o n s  a r e  combined t o  y i e l d  t h e  i n e r t i a l  and  c e n t r i f -  
uga l  terms i n  t h e  b l ade  e q u a t i o n s  of motion.  The b l a d e  f o r c e s  
and moments a s s o c i a t e d  w i t h  t h e  c o n t r o l  s p r i n g s  and r e t e n t i a n  
s p r i n g s  and Campers a r e  added t o  t h e s e  a c c e l e r a t i o n  t e r m s  t h e r e b y  
r e s u l t i n g  i n  t h e  c a p l e t e ,  non l inea r ,  f r e e  e q u a t i o n s  of motion.  
The forced  e q u a t i o n s  of motion a r e  o b t a i n e d  by a p p l y i n g  gener -  
a l i z e d  f o r c e s  which i n c o r p o r a t e  expe r imen ta l  aerodynamic co- 
e f  f i c i e n t s .  
The aerodynamic c h a r a c t e r i s t i c s  a r e  a  f u n c t i o n  o f  a n g l e  of 
a t t a c k ,  Mach namber, and r a d i a l  s t a t i o n .  The unsteady aelodynamic 
f o r c e s  and moments a r e  i nc luded  i n  t h e  f o r c i n g  f u n c t i o n  a s  a n  
approx ima t ion .  
Equat ions  of Mot i on  
F igu re  1 shows a  d e f l e c t e d ,  t w i s t e d  r o t c r  b l ade  assumed ? o  
have f l app ing ,  f e a t h e r i n g ,  and l agg ing  d e g r e e s  of freedom. The 
c o o r d i n a t e  t r a n s f o r m a t i o n  m a t r i c e s  a r e  o b t a i n e d  by c o n s i d e r i n g  
an a x i s  system i n i t i a l l y  on t h e  b l ade  f e a t h e r i n g  a x i s .  The a x e s  
a r e  t hen  r o t a t e d  and t r a n s l a t e d  s e q u e n t i a l l y  u n t i l  t hey  a r e  co- 
i n c i d e n t  wi th  t h e  r o t o r  s h a f t  and a r e  t r a n s l a t i n g  th rough  s p a c e .  
The complete e x p r e s s i o n  f o r  t h e  a rsp lacement  m a t r i x  is o b t a i n e d  
by combining t h e  c o o r d i n a t e  t r a i . s fo rma t ions .  V e l o c i t y  and 
a c c e l e r a t i o n  m a t r i c e s  a r e  d e f i n e d  by d i f f e r e n t i a t i n g  t h e  d i s -  
placement m a t r i x .  The f i n a l  e q u a t i o n s  of motion e v o l v i n g  from 
t h e s e  m a t r i c e s  a r e  d e r i v e d  i n  d e t a i l  i n  Reference  5 and a r e  
p rc sen ted  below. 
Flapping. - 
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+z{[I~c@+I~$@] $ B - ~ s ~ :  aB} (4+i) d7 
+2 { I ~ S ~ C ~ }  e + { I2ae+ I ~ $ ~ )  e2
+ {[I2$,- r3ae] ~ B + ~ 5 ~ 8 a a ~ $  5 
+ {I,+I,$$ B + {I,$,- I,E,} 6 
+{I,+ e,~,) ( 2 p a C f  2qR$,} C;+I,{~~QQ, 
+ KB(fi-Po)- KelN KeB ( 8 - Q , N ) + ~ B b =  QB 
Lagging.  - 
{e, (e,- e, M I,+ ~ , [ s , Q , o , + ( ~ ~ $  + S $ Q ) $ ~ $ ~  - (s,%-s2%) cd)d 
+2{(e2- e ~ [ -  S, $B+(Sz~e+S3$B) %]- I J B C ~ -  [12% +19o] ((te2- $3 
+ ~ , $ $ ~ ~ } ~ ) c n + i ~ b + ~ ( ( e ~ e , )  - ( s ~ , - s , ) ~ + [ I ~ ~ , - ~ , s ] ~ ~ ~ ,  
. . 
32{@&~,) be - ~,s,a,a~} (a+ 5 e + {( I,$@- r,- &s$G@$#?} B 
+{(e2-el) (S,Q~S,S9)+(13Q8- I ~ $ ~ ) c ~ ) ~ ~ { ( I ~ $ ~ - I ~ c ~ ) $ ~  
+ ~ ~ ~ ~ ~ @ a ~ } b + { ( e ~ -  el)(s3se+ szae) +( ~ ~ a , +  1 ~ 3 ~ )  q+h$b)e 
+((e2-~,)ZM+Z (Q-~,)[s, aB+(s2ce+ +I,($ 
+ ( IzCe+13$J %a8+ I& 5(:+ $2e $i)}i + KI(c-cO) + cI (3) 
-KO IN K , c ( o - ~ , N ) =  Qz 
The i n e r t i a s  and g e n e r a l i z e d  f o r c e s  i n  Equat ions  ( 1 )  - ( 3 )  
a r e  summarized i n  Appendix A .  For s a k e  o f  c o n v e n i e n c e .  t h e  
f o l l o w i n g  symbolism was a l s o  u s e d  i n  t h e s e  e q u a t i o n s  and w i l l  
be r e t a i n e d  throughout t h e  v e h i c l e  s t a b i l i t y  a n a l y s i s .  
$u= sineu CU = cosine u 
The f e a t h e r i n g  input is g i v e n  by : 
Sumer lca! Soid t  i o ~  
Somer ica i  methods of   so;^: i o ~  for  t h e  p r e v l o u s  d i f  f e r e c t  l a 1  
equat  lofic o f  motion a r e  der lve i i  ~c Reference 5 .  The t e c h n i q u e s  
d e s c r i b e d  Xherern a r e  used xa g s s e r a r e  r e sponse  matrices, e v a l -  
ua t e  t r a c s l e n t  r e sponses  t o  ac  irit l a  1 d l s t  ~ r b a c c e ,  and I r e r a t e  
,r;t l i  p e r i o d i c  s o l u t i o n s  a r e  a c c l e v s d  w h i c h  i n c l ~ d r  n o r i i c e a r  
i c e r t  l a 1  and aerodycamlc ef f e c t s .  
The converged p e r i o d i c  SO!;: ~ O C S  y l e i d  azimuthal v a r i a t  xors 
of  b l a a e  kinematics and r a a l a l  and a z m u t h a l  v a r i a r i o n s  of b l a d e  
a l r l o a d s .  These d i ~ t r i b u t l o ~ s  a r e  u s e d  ic t h e  i o l l o w i c g  e x f r e s -  
c i o o s  t o  - a ? c a i a t e  r o t o r  t o r q c e ,  i h r a s i ,  i..drlzor.r;? ar,d S I ~ P  i o r c e .  
l 
Because t h e  a n a l y s i s  is w r i t t e n  t o  e v a l u a t e  an  unpowerea 
r o t o r ,  t h e  e q u i l i b r i u m  to rque ,  a s  d e f i n e d  by Equat ion  (41,  m u s t  
be z e r o .  Consequent ly ,  a t  a p a r t i c u l a r  r o t o r  o p e r a t i n g  con- 
d i t i o n ,  t h e  b l a d e  p i t c h  a n g l e  m u s t  be de te rmined  t o  e f f e c t  z e r o  
t o r q u e .  If t h e  t o r q u e  does  no t  v a n i s h  a t  a p r e s e l e c t e d  o p e r a t i c g  
c o n d i t i o n ,  a  t o r q u e  i t e r a t i o n  procedure  a u t o m a t i c a l l y  changes 
b l a d e  p i t c h  s e t t i n g  u n t l l  t h e  t o r q u e  c o n s t r a i n t  is s a t i s f i e d .  
I n i t i a l l y ,  i h e  method employs a  d e r i v a t i v e  t o  e s t i m a t e  t h e  
second t r i a l  p i t c h  a n g l e .  The v a l u e  of t h e  d e r i v a t i v e  is ob- 
t a i n e d  by u s i c g  l i n e a r i z e d  r o t o r  t h e o r y  (Reference  6) and is 
g iven  by 
Thus, t h e  second t r i a l  v a l u e  of p i t c h  a n g l e  is 
Numerical v a l u e s  f o r  t h e  d e r i v a t i v e  a r e  o b t a i n e d  from t h e  c a l -  
c u l a t i o n s  u s ing  t h e  f i r s t  t r i a l  v a l u e  of b l a d e  p i t c h  s e t t i n g .  
The t h i r d  t r i a l  v a l u e  of b l ade  p i t c h  a n g l e  is e s t i m a t e d  by 
us ing  a  f i r s t - o r d e r  d i f f e r e n c e  equation,which is based on t h e  
f i r s t  two c a l c u l a t i o n s .  Bs = O2 - u 2  
( 0 2 -  01) 
The f o u r t h  and subsequent  t r i a l  v a l u e s  of  b l a d e  a n g l e  a r e  
de t e rmined  from t h e  f o l l o w i n g  second o r d e r  cu rve .  
A c o l l o c a t i o n  procedure  is used t o  e v a l u a t e  t h e  a  - c o e f f i c i e n t s  
i n  Equat ion  (11) .  For  e q u i l i b r i u m  c o n d i t i o n s ,  t h e  t o r q u e  must 
v a n i s h  and new v a l u e s  of 8 a r e  o b t a i n e d  from t h e  above q u a d r a t i c .  
As t h e  t o r q u e  i t e r a t i o n  c o n t i n u e s ,  t h e  t h r e e  m o s t  r e c e n t  
v a l u e s  of t o r q u e  and r e s p e c t i v e  b l ade  a n g l e s  a r e  r e t a i n e d  t o  
e v a l u a t e  t h e  next  t r i a l  v a l u e  f o r  b l a d e  p i t c h  a n g l e .  A to ler-  
a n c e  on t o r q u e  s u p p l i e d  t o  t h e  computer program a s  i n p u t  is 
employed t o  de t e rmine  a u t o r o t a t i v e  e q u i l i b r i u m .  R e t a r d a t i o n  
of t h e  r o t o r  due t o  b e a r i n g  f r i c t i o n  was o m i t t e d  from t h e  
computa t ions .  
Supersonic  Xnf l o w  Through The Rotor 
A r o t a r y  wing t h a t  is used a s  a r e t a r d a t i o n  sys tem on a  re- 
e n t r y  v e h i c l e  w i l l  o p e r a t e  th rough a  shock wave g e n e r a t e d  by t h e  
c a p s u l e  d u r i n g  a p o r t i o n  of  its t r a j e c t o r y .  A t  t r a n s o n i c  and 
s u p e r s o n i c  speeds ,  t h e  r o t o r  b l a d e s  w i l l  be o p e r a t i n g  i n  and o u t  
of  t h e  shock wave enve lope  g e n e r a t e d  by t h e  c a p s u l e .  
For s i m p l i c i t y ,  t h e  c a p s u l e  is assumed t o  be  a  s p h e r e  
which produces  a n  a x i a l l y  symmetric bow wave a s  i l l u s t r a t e d  
i n  F i g u r e  2.  I n  o r d e r  t o  d e f i n e  which p o r t i o n  of t h e  r o t o r  
is o p e r a t i n g  ahead of and which p a r t  is o p e r a t i n g  a f t  of t h e  
shock wave, t h e  l i n e  of i n t e r s e c t i o n  between t h e  de tbched  bow 
shock wave g e n e r a t e d  by t h e  c a p s u l e  and t h e  r o t o r  cqne must be  
de te rmined .  
The shape  of t h e  de t ached  bow wave may be  e x p r e s s e d  a n a l y t -  
i c a l l y  u s ing  t h e  approximate  r e t h o d  of Moeckel a s  r e p o r t e d  i n  
Reference  7.  Moeckel h a s  i n d i c a t e d  t h a t  a  s p h e r i c a l  body 
g e n e r a t e s  a  s h o c k  wave which c a n  b e  s a t i s f a c t o r i l y  a p p r o x i m a t e d  
b y  a  h y p e r b o l o i d  of  r e v o l u t i o n  w i t h  i ts  a x i s  p a r a l l e l  t o  t h e  
remote  r e l a t i v e  wind.  The i n t e r s e c t i o n  o f  t h e  h y p e r b o l o i d  a n d  
t h e  r o t o r  s u r f a c e s  d e f i n e s  t h e  boundary between d i s t u r b e d  a n d  
u n d i s t  u r b e a  f l o w ;  t h e  b l a d e  f l a p p i n g  r e s p o n s e  is c o n s i d e r e d  i n  
t h e  d e t e r m i n a t i o n  o f  t h i s  boundary .  Thus, t h e  l i n e  of i n t e r -  
s e c t i o n  becomes a  f u n c t i o n  of  b l a d e  r a d i a l  s t a t i o n  a n d  a z i m u t h  
l o c a t i o n .  E q u a t i o n s  which d e f i n e  t h e  boundary l i n e  a r e  p r e s e n t e d  
i n  Appendix B .  
The d i s t u r b e d  f l o w  c o n d i t i o n s  beh ind  t h e  shock  wave a r e  
e v a l u a t e d  by t h e  o b l i q u e  s h o c k  e q u a t i o n s  o f  R e f e r e n c e  8. The 
shock  wave a n g l e  a t  r o t o r  a z i m u t h  p o s i t i o n  o f  180  d e g r e e s  is 
used a s  a c o n t r o l  p o i n t  t o  d e t e r m i n e  s h o c k  s t r e n g t h .  N e w  
v e l o c i t i e s  a n d  d e n s i t i e s  a r e  e v a l u a t e d  b e h i n d  t h e  shock  u s i n g  
t h i s  c o n t r o l  p o i n t  a n d  t h e  a d v a n c e  r a t i o  a n d  i n f l o w  r a t i o  d i s -  
t r i b u t i o n  are r e e v a l u a t e d .  Because  o f  e x p a n s i o n  b e h i n d  t h e  
s h o c k  wave, t h e  a i r  d e n s i t y  w a s  a l s o  assumed t o  v a r y  w i t h  a z i m u t h  
and  r o t o r  a n g l e  of  a t s a c k  a c c o r d i n g  t o  t h e  f o l l o w i n g  r e l a t i o n  
The e f f e c t s  of  f l o w  t u r n i n g  beh ind  t h e  bow wave and  t h e  
ef f e c t s  o f  m u t u a l  s h o c k  i h t e r f e r e n c e  between a d j a c e n t  b l a d e s  
were n e g l e c t e d .  
VEHICLE DYNAMIC STABILITY 
Equa t ions  of Mot i o n  
The s i x  b a s i c  e q u a t i o n s  of  motion neces sa ry  t o  d e s c r i b e  t h e  
dynamic behav io r  of  t h e  r o t o r  e n t r y  v e h i c l e  shown i n  F i g u r e  3 
a r e  formula ted  i n  d e t a i l  i n  Reference  9. These b a s i c  e q u a t i o n s  
a r e  modi f ied  to  i n c l u d e  r o t o r  f o r c e s  and moments. The mod i f i ed  
e q u a t i o n s  a r e  w r i t t e n  f o r  a  r i gh t -hand  c o o r d i n a t e  sys tem w i t h  
t h e  o r i g i n  a t  t h e  v e h i c l e  c e n t e r  of  g r a v i t y .  The c o o r d i n a t e  
sys tems  f o r  t h e  v e h i c l e  and r o t o r  a r e  shown i n  F i g u r e  6. A l l  
r o t o r  hub f o r c e s  and moments a r e  r e s o l v e d  from t h e  rotor a x e s  t o  
t h e  body a x e s ;  t h e  r o t o r  axes  a r e  d e f i n e d  s o  t h a t  t h e  r e l a t i v e  
f r e e  s t r e a m  v e l o c i t y  l i e s  i n  t h e  XR-ZR p lane .  Furthermore,  t h e  
v e h i c l e  w a s  assumed t o  be symmetr ica l  w i t h  r e s p e c t  t o  t h e  XB-ZB 
p l a n e  t h e r e b y  e l i m i n a t i n g  t h e  c a p s u l e  body c r o s s - p r o d u c t s  of  
i n e r t i a ,  Ixy and Iyz.  
The o r i e n t a t i o n  a n g l e s  between moving e a r t h  a x e s  and  body 
a x e s  a r e  i n d i c a t e d  i n  F i g u r e  7. The f i x e d  e a r t h  a x e s  is a l s o  
p o r t r a y e d  i n  t he  f i g u r e ,  and is used a s  a  r e f e r e n c e  f o r  t h e  
g r a v i t y  f o r c e .  
A s e v e n t h  e q u i l i b r i u m  e q u a t i o n  is r e q u i r e d  t o  comple te  t h e  
v e h i c l e  s t a b i l i t y  a n a l y s i s .  T h i s  l a t t e r  e q u a t i o n  d e f i n e s  t h e  
r o t o r  a n g c l a r  a c c e l e r a t i o n  i n  t e r m s  of t h e  a p p l i e d  aerodynamic 
t o r q u e  and t h e  v e h i c l e  yaw a c c e l e r a t i o n .  The comple te  sys tem 
of s even  e q u a t i o n s  is summarized below. 
Methods of S o l u t i o n  
i'he p reced ing  d i f f e r e n t i a l  e q u a t i o n s  a r e  s o l v e d  f o r  a c c e l -  
e r a t i o n s  i n  Appendix C .  The r e s u l t i n g  a c c e l e r a t i o n s  a r e  used i n  
a  s e l f - s t a r t i n g ,  m u l t i s t e p ,  p r e d i c t o r - c o r r e c t o r  i n t e g r a t i o n  pro- 
cedure  (Reference  10)  t o  e v a l u a t e  numer i ca l ly  v e h i c l e  v e l o c i t i e s  
and d i sp l acemen t s  r e l a t i v e  t o  t h e  body a x e s .  I n  t u r n ,  t h e s e  body 
a x i s  k inema t i c  components a r e  i n t e g r a t e d  t o  y i e l d  t r a n s l a t i o n a l  
and r o t a t i o n a l  d i sp l acemen t s  w i t h  r e s p e c t  t o  a  f l a t  e a r t h  a x i s  
system.  The e q u a t i o n s  which d e s c r i b e  t h e  e a r t h  a x i s  d i s p l a c e -  
ments a r e  developed i n  Re fe rences  9  and 11 and a r e  suzmar ized  i n  
Appendix D. 
I n  t h e  v e h i c l e  s t a b i l i t y  program, t h e  a l t i t u d e  and f r e e  
s t r e a m  Mach number a r e  c o n s i d e r e d  c o n s t a n t ;  t h u s ,  t h e  a i r  
d e n s i t y  remains  i n v a r i a n t .  Furthermore,  t h e  e n t r y  v e h i c l e  is 
assumed ax isymmetr ic  and its aerodynamic f o r c e  and moment cha r -  
a c t e r i s t i c s  a r e  assumed s p e c i f i e d  a t  a p o i n t  i n  t h e  p l a n e  of 
symmetry; t h i s  p o i n t  is c a l l e d  t h e  ba l ance  c e n t e r  i n  F i g u r e  3. 
Because t h e  c a p s u l e  is ax isymmetr ic ,  body s i d e  f o r c e ,  yawing 
moment, and r o l l i n g  moment about  t h e  , a l ance  c e n t e r  a r e  neg- 
l e c t e d .  Consequent ly ,  on ly  body l i f t ,  dr&g,  and p i t c h i n g  moment 
about  t h e  ba l ance  c e n t e r  a r e  i nc luded  i n  Equa t ions  (13) - (18) 
and t h e s e  aerodynamic c h a r a c t e r i s t i c s  a r e  t r a n s f e r r e d  t o  t h e  
body c e n t e r  of g r a v i t y .  
In c a l c u l a t i n g  t h e  v e h i c l e  s t a b i l i t y  t i m e  h i s t o r i e s ,  t h e  
rotor a i r l o a d s  Equat ions  (1)  - (7) a r e  s o l v e d  i n i t i a l l y  u n t i l  
e q u i l i b r i u m  is ach ieved  i n  b l a d e  a i r l o a d s ,  b l a d e  motions,  and 
rotor to rque .  These r o t o r  e q u i l i b r i u m  hub f o r c e s  and moments 
a r e  t h e n  combined wi th  t h e  v e h i c l e  body f o r c e s  and moments 
acco rd ing  t o  Equat ions  (13) - (19)  and i n t e g r a t e d  numer i ca l ly  
a t  b s e r - s p e c i f i e d  t i m e  increments .  A f t e r  each  t i m e  increment ,  
v a l u e s  of r o t o r  a n g l e  of a t t a c k ,  rotor speed ,  i n f l o w  r a t i o ,  
and advance r a t i o  ( Q ,  , p ) a r e  compared t o  p r e v i o u s  
v a l u e s .  I f  t h e  increment  i n  these f o u r  pa rame te r s  exceeds  
u s e r - s p e c i f i e d  t o l e r a n c e s ,  new r o t o r  a i r l o a d s  a r e  e v a l u a t e d ;  
o the rwi se ,  t h e  p r e s e n t  r o t o r  a i r l o a d s  a l e  r e t a i n e d  f o r  t h e  
next  t ime increment .  
F u r t h e r  d e t a i l s  of  t h e  computer program l o g i c  and use  a r e  
p r e s e n t e d  i n  t h e  u s e r ' s  manual (Reference  1 2 ) .  
CONCLUSIONS 
1. The n o n l i n e a r  e q u a t i o n s  of motion a r e  d e r i v e d  which d e f i n e  
b l a d e  t r a n s i e n t  r e sponses ,  p e r i o d i c  b l a d e  a i r l o a d s  and 
k inema t i c s ,  and r o t o r  performance of f u l l y  a r t i c u l a t e d  
r o t o r  sys tems .  
2.  Numerical i t e r a t i o n  methods a r e  deve loped  t o  s o l v e  t h e s e  
e q u a t i o n s  of mot i o n  u n t i l  e q u i l i b r i u m  c u n d i t  i o n s  a r e  
ach ieved .  
3. A second numerical  i t e r a t i o n  method is deve loped  t o  i t e r a t e  
on b l ade  p i t c h  c o n t r o l  u n t i l  t h e  r o t o r  a u t o r o t a t i o n  c r i -  
t e r i o n  is s a t i s f i e d .  
4 .  The e f f e c t  of c a p s u l e  shock wave i n t e r a c t i o n  w i t h  t h e  rotor 
system is e s t i m a t e d  by e v a l u a t i n g  f low f i e l d  c h a r a c t e r i s t i c s  
ahead of and behind t h e  shock wave l i n e  of i n t e r s e c t i o n  w i t h  
t h e  r o t o r .  
5. The e q u a t i o n s  of motioii f o r  dynamic s t a b i l i t y  of t h e  e n t r y  
v e h i c l e  a r e  modi f ied  t o  i n c l u d e  r o t o r  hub f o r c e s  and moments 
t he reby  d i r e c t l y  c o u p l i n g  t h e  r o t o r  and v e h i c l e .  
6. A l l  of t h e  p reced ing  a n a l y s e s  a r e  programmed i n  FORTRAN I V  
language f o r  t h e  Ames Research Cen te r  7040/7094 Direct 
Couple System. 
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APPENDIX A 
ilOTOR BLADE INERTIA AND AERODYNAMIC CHARACTERISTICS 
G e n e r a l i z e d  I n e r t i a s  
The g e n e r a l i z e d  i n e r t i a s  used i n  Equat ions  (1) - (3) a r e  
d e f i n e d  by t h e  fo l lowing  e q u a t i o n s  and a r e  grouped i n t o  mass, 
f i r s t  mass moment, and second mass moment i n t e g r a l s .  T h i r d  
and f o u r t h  o r d e r  i n e r t i a l  terms a r e  n e g l e c t e d .  
G e n e r a l i z e d  Forces  
The g e n e r a l i z e d  f o r c e s  used i n  Equat ions  (1) - (3) are 
d e f i n e d  by t h e  f o l l o w i n g  e q u a t i o n s .  
u 
where U = QR 
Tha d i r e c t  i o n s  f o r  p o s i t i v e  genera l -  
i z e d  f o r c e s  a r e  ind ica ted  i n  Figure 4 .  
In t h e s e  equat ions ,  it is assumed t h a t  t h e  
l i f t  d e f i c i e n c y  f u n c t i o n  C ( k )  = 1 .  The 
l o c a l  s e c t i o n  ang le  of a t t a c k  and v e l o c i t y  
components a r e  shown i n  Figure Z and a r e  
g i v e n  by t h e  f o l l o w i n g  equat ions .  
UP + = ton-' -
UT 
APPENDIX B 
CAPSZLE SHOCK WAVE INTERCEPT WITH ROTOR 
Figure  2 i l l u s t r a t e s  t h e  r o t o r  e n t r y  v e h i c l e  a t  a n  a r b i t r a r y  
a n g l e  of a t t a c k  r e l a t i v c  t o  t h e  f r e e  s t r e a m  v e l o c i t y .  Superposed 
on t h i s  v e h i c l e  a r e  t h e  approximate  s p h e r e  and its a s s o c i a t e d  de- 
tached  shock wave a s  d e s c r i b e d  i n  Reference  7 .  I t  is assumed 
t h a t  t h e  r o t o r  advance r a t i o ,  r o t o r  t i p  speed,  r o t o r  a n g l e  of  
a t t a c k ,  and v e h i c l e  a t t i t u d e  a r e  known a  p r i o r i .  The f r e e  s t r e a m  
Mach number can be e v a l u a t e d  from these pa rame te r s .  
I f  aR = ' 1 2 ,  t h 9  f r e e  s t r e a m  Mach number is e x p r e s s e d  a s  
where CT is t h e  r o t o r  t h r u s t  c o e f f i c i e n t  
and A is t h e  r o t o r  i n f low r a t i o  
The hype rbo l i c  shock wave d e f i n ~ d  i n  Reference  7 can  be 
d e s c r i b e d  i n  t h e  xo, yc, z o  wind a x i s  c o o r d i n a t e  sys tem as a  
f u ~ c t i o n  of t h e  h y p e r b j l a  s e m i - t r a n s v e r s e  a x i s  ( A )  and  t h e  
s t and -o f f  d i s t a n c e  between t h e  s p h e r e  and  t h e  bow wave (A). 
F igu re  2 shows t h e s e  dimensions and t h e  a p l i r o p r i a t e  a x e s ;  t h e y  
a r e  t a b u l a t e d  below v e r s u s  f r e e  s t r e a m  Mach number. 
A t  i n t e r m e d i a t e  Mach numbers, A and can be  e v a l u a t e d  by 
1 i r e a r  i n t e r p o l a t  ion .  
The e q u a t i o n  i n  t h e  wind a x i s  sys tem f o r  t h e  h y p e r b o l o i d  is 
I n  o r d e r  t o  d e s c r i b e  t h e  l i n e  of i n t e r s e c t i o n  between t h i s  shock 
wave s u r f a c e  and a n  o f f s e t  f l a p p i n g  r o t o r ,  Equat ion  (B2) must b e  
t ransformed i n t o  t h e  r o t o r  a x i s  sys tem.  T h i s  t r a n s f o r m a t i o n  re- 
q u i r e s  a  s t a n d a r d  s e q u e ~ c e  of  t r a n s l a t i o n s  and r o t a t i o n s  2s 
d e s c r i b e d  i n  Reference 5. The r e s u l t i n g  e x p r e s s i o n  f o r  t h e  
hype rbo lo id  i n  r o t o r  a x i s  c o o r d i n a t e s  is 
where Beq is t h e  d i s t a n c e  between t h e  r o t o r  hub a ~ d  t h e  c e n t e r  
of t h e  e q u i v a l e n t  c a p s u l e  s p h e r e .  
The c o o r d i n a t e s  of a  p o i n t  on t h e  b l a d e  a r e  g i v e n  by 
S u b s t i t u t i o n  of  c o o r d i n a t e s  (B4) i n t o  Equat ion  (B3)  r e s u l t s  i n  
t h e  fo l lowing  q u a d r a t i c  e q u a t i o n  which d e s c r i b e s  t h e  d e s i r e d  
l i n e  of i n t e r s e c t  ion .  
where 
The p e r i o d i c  v a r i a t i o n  o f  b l a d e  f l a p p i n g  a n g l e  w i t h  rotor 
azimuth p o s i t i o n  is known from t h e  numerical  s o l u t i o n  of 
Equations ( 1 )  - (3). Thus, t h e  c o e f f i c i e n t s  C1, C2, C3, Cd 
and t h e  c o e f f i c i e n t s  o f  Equation (B5) c a n  be n u m e r i c a l l y  e v a l u -  
a t e d  a t  any azimuth p o s i t i o n ,  9 . The r e s u l t i n g  q d a d r a t i c  
e q u a t i o n  a t  each azimuth can  be s o l v e d  f o r  (r-e2) . 
APPENDIX C 
VEHICLE STABILITY EQUATIONS 
Equat ions  (13) - (15) can  be s o l v e d  d i r e c t l y  f o r  t h e  l i n e a r  
a c c e l e r z t i o n s  i n  t h e  body a x i s  sys tem a s  shown below. 
Equat ion (17) c a n  a l s o  be s o l v e d  d i r e c t l y  f o r  the body 
p i t c h  a c c e l e r a t i o n .  
Equat ion (18) can  be  w r i t t e n  t o  e x p r e s s  yaw a c c e l e r c t i o n  
i n  terms of r o l l  a c c e l e r a t i o n .  
S u b s t i t u t i o n  of t h i s  r e l a t i o n  i n t o  Equat ion  (16) y i e l d s  t h e  
fo l lowing  e x p r e s s i o n  f o r  r o l l  a c c e l e r a t i o n .  
+F 1) 1 xz 
-{AC:FY~ YR 
Ixx Izz - 1 x 2  2 
( 1 y y -  Izz) Izz- 1:z 
+i Ixz( 1 xx- 1 y y  + I z z  1 2 ) q,r, + 2 1 zz - I xz  1 xr Izz- I xz ] Psqe 
F i n a l l y ,  t h e  r o t o r  d e c e l e r a t i o n  is s i m p l y  
a h e r e  Q is t h e  Lorque due t o  a i r l o a d s  a s  d e f i n e d  i n  Equat ion (4). 
Because of t h e  axlsymmetric  c h a r a c t e r i s t i c s  o f  t h e  c a p s u l e  
mentioned i n  a  p r e v i o u s  s e c t i c n ,  t h e  body f o r c e s  and moments 
g i v e n  i n  Equations ( C l )  - ( C 5 )  a r e  r e l a t e d  to t h e  r e f e r e n c e  
c e n t e r  l i f t ,  drag, and p i t c h i n g  moment by 
M r ,  = LACFY, 
where Myg is d e f i n e d  i n  Equation (C13). 
The r o t o r  hub f o r c e s  and moments i n  Equat ions  ( e l )  - ( ~ 7 )  a r e  
A A 
where MIR and MyR a r e  d e f i n e d  by Equat ions  (C16) 
In  Equat ions  (C9) and ( C l O ) ,  t h e  a n g l e  q, between t h e  rel- 
a t i v e  wind and t h e  X-axis is d e f i n e d  a s  f o l l o w s :  
V B  9 = tan- '  - 
ue (C11) 
The set of e q u a t i o n s  g i v e n  by (Cl )  - (C11) can  be  s o l v e d  
numer i ca l ly  a f t e r  i n i t i a l  c o n d i t i o n s  a r e  s p e c i f i e d  and  backward 
d i f f e r e n c e s  a r e  c a l c u l a t e d  a s  d e s c r i b e d  i n  Reference  10. A f t e r  
t h e  p i t c h  and r o l l  r a t e s  of t h e  body a r e  c a l c u l a t e d  from t h e  
preceding  e q u a t i o n s ,  t hey  a r e  t ransformed i n t o  p i t c h  and r o l l  
r a t e s  i n  t h e  r o t o r  a x e s  zcco rd ing  t o  t h e  f o l l o w i n g  e q u a t i o n s .  
T h e  p i t c h  and r o l l  r a t e s  from Equat ion (C12) a r e  t h e n  t r a n s m i t t e d  
back t o  t h e  b l a d e  e q u a t i o n s  of motion and used t o  e v a l u a t e  new 
e q u i l i b r i u m  a i r l o a d s  and b l ade  k inema t i c s .  
The c a p s u l e  body l i f t  (LB) and d r a g  (DB) f o r c e s  a r e  c a l -  
c u l a t e d  us ing  t h e  p l a n  a r e a  of  t h e  c a p s u l e  body a s  a  r e f e r e n c e .  
The body p i t c h i n g  moment (Myg) is a l s o  a  f u n c t i o n  of t h e  a f o r e -  
mentioned r e f e r e n c e  a r e a  and c a p s u l e  body d i a m e t e r .  
where t h e  s u b s c r i p t  RC r e f e r s  t o  t h e  body r e f e r e n c e  c e n t e r .  
The rotor hub moments due t o  t h e  v e r t i c a l  s h e a r  f o r c e s  
a c t i n g  a t  t h e  f l a p p i n g  h inge  a r e  c a l c u l a t e d  i n  t h e  r o t o r  a x i s  
sys tem and r e s o l v e d  i n t o  t h e  body c o o r d i n a t e  system.  These 
v e r t i c a l  s h e a r s  i n c l u d e  f o r c e s  r e s u l t i n g  from aerodynamics ,  
f l a p p i c g  a c c e l e r a t i o n s  and p i t c h  and r o l l  r a t e s .  
The v e r t i c a l  s h e a r  a c t i n g  a t  t h e  b l a d e  f l a p p i n g  h inge  a t  
any azimuth p o s i t i o n  can  be exp res sed  a s :  
The c o n t r i b u t i o n  t o  t h e  moments abou t  t h e  b l a d e  f l a p p i n g  
and f e a t h e r i n g  a x e s  due t o  s p r i n g  and damper e f f e c t s  a t  any 
azimuth p o s i t i o n  can  be expres sed  a s  
The moments due t o  t h i s  f o r c e ,  and t h e s e  moments r e s o l v e d  i n t o  
t h e  body c o o r d i n a t e  s y s t e m  a r e :  
I n t e g r a t i n g  t h e s s  e x p r e s s i o n s  around t h e  azimuth y i e l d s  
t h e  r o t o r  average  moments about  t h e  body X and Y axes. 
APPENDIX D 
EARTH A X I S  DISPLACEMENTS 
The l i n e a r  and r o t a t i a n a l  v e l o c i t i e s  a n d  d i s p l a c e m e n t s  
of  t h e  r o t o r  e n t r y  v e h i c l e  In f l a t  e a r t h  a x i s  c o o r d i n a t e s  c a n  
be  c a l c u l a t e d  from the r e s u l t s  o f  t h e  c o u p l e d  r o t o r - b o d y  equa-  
t i o n s  of mot ion  i n  Appendix C .  The r e l a t i o n s h i p s  be tween  t h e  
body v e l o c i t i e s  and e a r t h  a x i s  v e l o c i t i e s  a r e  g i v e n  below. 
C o o r d i n a t e s  i n  t h e  e a -  t h  axes a r e  c a l c u l a t e d  by i n t e g r a t i n g  
E q u a t i o n s  (Dl) - (D61 . 
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